INTRODUCTION
Scaling laws, critical exponents and universal classes are the central concepts for phase transition in thermodynamic systems and complex systems. While the critical exponents characterize the critical behavior of the systems near critical point, the scaling laws unify the critical behaviors in various different systems into a few universal relations. In 1993, the pioneering work by Choptuik [1] showed that a named type II critical behavior exists in gravitational collapse of a massless scalar field in asymptotically flat space-time. By numerical simulation, Choptuik found that there is a critical case p = p * , where p is a parameter which characterizes the amplitude of the initial configuration and p * is the critical value where black hole can form, and that in the case p → p * + , a power-law form of the black-hole mass appears,
It was found that β ≃ 0.37, and it is universal for a large class of initial configurations in gravitational collapse. This scaling relation with the self-similarity at the critical solution has drawn a lot of attention since then. See Ref. [2] for a recent review. In a more general system, by choose different tuning parameter or models, one can obtain different critical exponents. For example, in the case of gravitational collapse of charged scalar field, one can take the charge e of the scalar field as the tuning parameter. In that case the critical exponent in the mass scaling relation with respect to e is approximately 0.74 [3] . In the perfect fluid collapse, the exponent β strongly depends on the value of k in the equation of state P = kρ, where P and ρ are the pressure and energy density of fluid [4] .
Over the past years, the gravitational collapse in an closed system has been studied intensively due to the discovery of the so called weakly turbulence in anti-de Sitter (AdS) space [5] or in a cavity with perfect reflection wall at a finite distance from the origin [6] . In such systems, there exist infinite critical solutions in principle. According to the very recent work [7] , for every critical solution, there are at least two different mass scaling relations: one is the same as the one in (1) with critical exponent 0.37, the other has a critical exponent ξ ≃ 0.7 with a mass gap. One may expect that, in such systems, if choose different quantity in theories as the tuning parameter, one can obtain many different critical exponents.
Once those critical exponents appear, one may naturally ask wether there exist some scaling laws to relate them, like the scaling laws in thermodynamic systems? As the choice of the tuning parameter is of some arbitrariness (such as the parameters in initial value families, the parameters in the theory under consideration), can we classify them into a few classes? In this paper, we will present two universal scaling laws in the spherically symmetrical gravitational collapse. They build a bridge for scaling relations between different tuning parameters and theoretical models. These scaling laws are independent of the details of the theory and also appear in other systems such as thermodynamic or geometrical phase transitions. We will discuss its properties and make some numerical checks.
CRITICAL EXPONENTS
Let us consider a generic spherically symmetric gravitational collapse system under a given initial value family parameterized by p. Besides the Newton gravitational constant G for gravity, suppose that there is an additional parameter λ in the system, which may be a parameter in theory or initial data. Here we do not make any additional assumptions on the dynamics of gravity and matter fields, and do not specify any special boundary conditions, except that the space-time should be spherically symmetric in the process of gravitational collapse and there is at least one critical value for p such that M h = 0. Then we can define a group of scaling relations about the black hole mass M h , tuning parameter p in the initial family, the time t when black hole just forms and other parameter λ as,
Here indices n = 0, 1, 2, 3, · · · , which label the different critical solutions, which appear in a closed system mentioned above. a
± n and c n are four proportionality coefficients, which may depend on the value of λ 0 and the initial value function families. λ 0 is a fixed value of λ. p n0 is the n-th critical amplitude when λ = λ 0 . Here we add + to the indices of β n , α n and ν n to distinguish the different cases that p → p
In an open system such as the gravitational collapse in asymptotic flat space or de Sitter (dS) space-time, there is only one critical value p for a given initial value family. In such a case, the mass scaling behavior can only occur when p → p * + . However, in the closed system such as the gravitational collapse in asymptotic anti-de Sitter(AdS) or asymptotic flat space with a perfectly reflection mirror at a fixed radial position, there are infinite critical solutions. In those cases, there exists a mass gap M gn when p → p − n0 [7] . Then we can still define a group of critical exponents in a manner as,
where (2) and (3) with seven critical exponents {β
1 The critical exponents β ± n and α ± n describe the dependence of critical behaviors on two parameters p and λ, respectively. The third and fourth relations describe how the critical parameter p n in the initial value family and the time of black hole just forming depend on λ and p. These scaling relations were first introduced in Ref. [8] to describe the influence of λφ 4 on massless scalar collapse in AdS space-time. Note that there is a difference in the definition of χ ± tn for the purpose in this paper.
SCALING LAWS
In what follows, we will take (2) as an example, the case for (3) can be obtained by replacement M h → M h −M gn . Near the critical point, for a set of given λ and p, the value of M h and the forming time t n can be determined
Near the n-th critical solution, the value of δp, δt n , M h and δλ can be expressed as the following relations,
and,
1 If χp n > 0, the limit in the second equation of Eqs. (2) is taken as λ → λ − 0 . Otherwise, the limit is done as λ → λ As only two in δp, δt n , M h and δλ are independent, we assume there exist two homogeneous functions as,
and
where
D−2 and time has dimension [lenght], so z + n can be treated as an anomalous dimension. Combine (6) and the first one in (2) and let δλ = 0, we can find
Furthermore, make a derivative for (6) with respect to δλ and put it back into the definition of χ pn , we have,
Take κ = δλ −1/y , we have χ pn (δλ) = δλ (1−y)/y χ pn (1), which implies,
When we fix p = p n0 , i.e., δp = 0, Eq. (6) implies δp(κ x M h , κ y δλ) = 0. Take κ = δλ −1/y , we have, δp(M h δλ −x/y , 1) = 0, which implies that M h ∝ δλ x/y . As a result, we have,
Fixing δλ = 0 and taking
Now combine the results (8), (10), (11) and (13), we find two scaling laws (14) which relate these critical exponents defined in (2) and (3). Because we did not specify any gravitational theory, matter field in space-time, and initial value configuration, the relations (14) are universal and should hold in many different systems.
If we know more about the model in the gravitational collapse, the number of independent critical exponents can be further reduced. For a given λ, if we treat the expansion θ at the original point is a function of p, then finding critical solution forms an eigenvalue problem, i.e., find suitable p n such that θ| r=0 = 0. If the equations of motion for matter field and metric are all smoothly dependent on λ, we can assume that the eigenvalue p n is a function of δλ and there is a Taylor's expansion for p n as,
Here p
n0 is the lowest order nonzero coefficient in the expansion (15), then put (15) into the third one in (2), we can obtain δ n = k − 1. The value k is determined by the maximal asymptotic symmetric group for δλ in the case δλ → 0. For example, if in a specified theory there is a symmetry such that δλ → −δλ, i.e., the maximal asymptotic symmetric group is Z 2 group, then the first nonzero coefficient is p (2) n0 , thus we have δ n = 1. For a general case, if the maximal asymptotic symmetric group for δλ in the neibourhood of λ = λ 0 is Z m , then δ n = m − 1.
COEFFICIENT EQUATION
In the scaling relations (2) and (3), we did not assume the critical exponents are independent of the initial value family. However, if we assume they are independent of the initial value family "locally", then the coefficients defined in (2) and (3) satisfy,
More exactly, for given initial data function family f p 2 , if there is a two-parameter function family F p,λ and an open internal U ⊂ R such that (1) F p,λ0 = f p and λ 0 ∈ U ; (2)∀λ ∈ U , using F p,λ as the initial data function family, all critical exponents are independent of λ, then Eq. (16) holds.
The proof is as follows. Let β + n (λ 0 ), α + n (λ 0 ) and δ n (λ 0 ) be the n-th critical exponents for initial function family F p,λ0 and p n (λ 0 ) is the n-th critical value of p. In Fig. 1 , we plot a schematic diagram for the curve p = p n (λ) in the λ − p plane. Every point in this plane corresponds to an initial value function. Let point A correspond to the critical initial function at λ = λ 0 . Then we make an infinitesimal shift on λ such that λ → λ + δλ, which causes an infinitesimal shift on the critical value of p such that p n → p n + δp. The new critical initial function then is denoted by B in the λ − p plane. As shown in Fig. 1 , we take a point C as the initial function for the gravitational collapse with δp > 0. 3 As the point C is in the neighborhood of B with λ = λ 0 + δλ and according to the first scaling relation in Eqs. (2), we obtain the black hole mass at point C as,
Note that the point C is also in the neighborhood of A with p = p n (λ 0 ), according to the second scaling relation in Eqs. (2), we can also express the black hole mass at point C as,
Compare Eqs. (17) and (18), we obtain,
Based on the discussion about Eqs. (15), we have,
Put it into Eq. (19), we have
Then combining this with scaling laws (14), we have, As the critical exponents are independent of λ in the neighbourhood of λ 0 , so the right hand side of Eq. (22) should be zero, which implies Eq. (16).
Note that our conditions for (16) don't mean that we need the critical exponents to be universal for all kinds initial value families. Figuratively speaking, Eq. (16) holds if there exists locally at least one such a curve p = p n (λ) passing A in Fig. 1 .
NUMERICAL CHECK
To confirm our scaling laws and the coefficient equation presented in Eqs. (14), and (16), here we show some numerical results for the critical exponents and proportionality coefficients. As the value of z ± n can't be computed independently at present, we here only check the first scaling law in Eqs. (14) and the coefficient equation Eq. (16). In the case with p → p + n , we will use the model and algorithm presented in Ref. [9] , which solved the massless scalar collapse in double null coordinates,
Here u and v are two null coordinates, r is the function of u, v, and a prime stands for the derivative with respect to v. The initial value family we are considering is taken as,
with two tuning parameters p and λ. In the following, we set R = 1 and λ 0 = 1/4. A numerical check for the case of p → p + 0 is shown in Tab. I. In the case p → p − 0 , we consider the gravitational collapse of a massless real scalar field in AdS space. In this case, a high precision simulation was done in Ref. [7] . We treat ǫ as p and σ as λ. Through the interpolation based on the data shown in Ref. [7] , in the case p 00 = 250, λ 0 ≈ 0.0617, we find β As for the anomaly dimension z ± n , we find that β + n ≈ ν + n for the metric ansatz (23) and initial data (24), which implies that z + n = 0. In the case with a gap studied in [7] , due to the lack of precise data, we cannot get the anomaly dimension at the moment.
DISCUSSIONS
In our discussions, what we need are that the critical solution exists and the homogenous conditions (6) and (7) hold. For a certain model, the scaling transformations (6) and (7) should be obtained from the model. In the case without the additional parameter λ and in the asymptotic flat space-time, the value of β + n can be obtained through the self-similarity near the original point and the analysis of Lyapunov exponent [10] when black hole nearly forms in the critical solution. However, how to use such method to obtain our scaling relations is still unknown. In more general, our knowledge about the critical behavior of gravitational collapse in the case of p → p − n is still poor and the theoretical method beyond scaling analysis is an open question.
Though our discussions are concerned with the gravitational collapse, the scaling law (14) is more fundamental than what we have discussed. It is very interesting to compare our scaling laws with those in thermodynamic criticality such as ferromagnetic phase transition or geometrical criticality such as percolation threshold [11, 12] . By redefining the anomalous dimension z ± n , one can find our scaling laws share the same forms in such two different systems. Such agreement is mysterious and needs to be understood further in the future.
